We examine the transport in a homogeneous porous medium of a finite slice of a solute which adsorbs on the porous matrix following a Langmuir adsorption isotherm and influences the dynamic viscosity of the solution. In absence of any viscosity variation the Langmuir adsorption induces the formation of a shock layer (rarefaction) wave at the frontal (rear) interface of the sample. For a finite width sample, these waves interact to give a triangle-like concentration profile after a given time that varies nonlinearly with the adsorption properties. In presence of a viscosity contrast, viscous fingers formed at the viscously unstable rarefaction interface propagate through the finite sample to preempt the shock layer at the viscously stable front. However, no such interaction is observed when the shock layer front features viscous fingers. [7] , among others. Although nonlinear waves are quite complex, some of them are analytically tractable. Shock layer (SL) and rarefaction (RF) waves are two such classes of nonlinear waves which are studied extensively using analytic/semi-analytic methods. SL is a nonlinear wave with a steep but continuous profile while a RF wave is a nonsharpening wave with a highly diffused profile [8] . Interactions of these nonlinear waves lead to many interesting nonlinear dynamics and pattern formations. A triangular wave (or N wave) forms when a SL interacts with a RF wave [4] . From the theoretical perspective, the study of triangular waves is of fundamental interest in many physico-chemical systems where the equations of motion possess both shock layer and rarefaction solutions [9, 10] .
Waves are ubiquitous in a wide variety of physical and chemical systems ranging from geophysical fluid dynamics [1, 2] , aerodynamics [3] , the motion of glaciers and traffic flow [4] , separation science [5] , quantum mechanics [6] , and astrophysics [7] , among others. Although nonlinear waves are quite complex, some of them are analytically tractable. Shock layer (SL) and rarefaction (RF) waves are two such classes of nonlinear waves which are studied extensively using analytic/semi-analytic methods. SL is a nonlinear wave with a steep but continuous profile while a RF wave is a nonsharpening wave with a highly diffused profile [8] . Interactions of these nonlinear waves lead to many interesting nonlinear dynamics and pattern formations. A triangular wave (or N wave) forms when a SL interacts with a RF wave [4] . From the theoretical perspective, the study of triangular waves is of fundamental interest in many physico-chemical systems where the equations of motion possess both shock layer and rarefaction solutions [9, 10] .
Here, we investigate analytically and numerically the interaction between SL and RF waves in a porous matrix, e.g., a soil or a chemical reactor, where complex adsorption-desorption processes impact the transport of given solutes [5, 11] . An isotherm is an algebraic relation that describes the partitioning of a solute between the solvent (mobile phase) and the matrix/adsorbent (stationary phase). For a finite slice of a solute undergoing a fluid-solid Langmuir adsorption isotherm (LI) [12] , the stationary phase concentration (c s ) is expressed as the ratio of two linear functions of the mobile phase concentration (c m ), viz.,
wherein K is the equilibrium constant, whileb = K/c sat represents the rate at which c s saturates to c sat when c m increases. A LI induces c m -dependent transport coefficients of the solute, which can lead to the sharpening or spreading of the solute concentration front, depending on the initial profile of c m . The transport equation of c m satisfies then wave-like solutions [8, 13, 14, and refs. therein] . If c m decreases in the direction of the wave motion, a SL wave forms [14] whereas, when c m increases along the direction of the wave, a RF wave builds up. Thus for a finite solute slice, a LI induces a SL (RF) formation at the frontal (rear) interface of the solute hence forming a triangle-like profile (cf. Fig. 1(a) ) [11, 15, 16] .
Gradients of concentration across such waves can induce a hydrodynamic instability like viscous fingering (VF) for instance [17] [18] [19] . VF develops when a less viscous fluid displaces a more viscous one and is of importance in contaminant transport, separation processes, enhanced oil recovery and carbon dioxide capture [5, [20] [21] [22] . VF has also been used as a tool to enhance fluid mixing [23] . For a linearily adsorbed solute undergoing VF, the experimental [24] and the numerical analysis [25] reveal that the linear adsorption slows down the growth of instability. However, for LI the theoretical analyses of the displacement of a semi-infinite sample by a semi-infinite displacing liquid reveal an early onset of VF if a SL is formed [14] and a delayed onset of VF if a RF builds up [26] . A recent experimental work on LI shows an additional band broadening of the solute due to VF [27] , yet it is not known how the interaction between nonlinear waves (RF and SL) evolve under VF and whether these waves persist or impede after the interaction.
In this context, we analyse here the dynamics resulting from the interaction of RF with SL through mathematical analysis and numerical simulations of a Langmuir adsorbed finite width sample. Further, we analyse the influence of additional nonlinearity introduced by VF on the fate of these nonlinear waves. We consider a rectangular porous medium of length L x , width L y , with a arXiv:1808.00699v1 [physics.flu-dyn] 2 Aug 2018 
The viscosity of the fluid is assumed to vary as µ(c m ) = exp(Rc m ), where R = ln(µ 2 /µ 1 ) is the log-mobility ratio. Here, u = (u, v) is the flow velocity field, e x is the unit vector along x, and
are the transport coefficients. k = KF determines the degree of adsorption, b =bc 0 , and F = V s /V m is the phase volume ratio. The dimensionless width of the slice is l =l/(D/U ). In order to analyse the propagation dynamics of the adsorbed solute, the stream-function vorticity form of equations (2) are solved using a Fourier pseudo-spectral method [18] . Our code has been extensively tested against results from numerical simulations for a wide range of different flows [14, 26, 28] . Periodic boundary conditions are used in both directions.
Let us first characterize the interaction between the SL and RF waves in absence of any VF (R = 0). Thanks to the Langmuir adsorption, the frontal part of the finite slice where c m decreases develops a SL while its rear part where c m increases along x is prone to the build up of a RF. After a given time t on , these two waves start to interact, the c m = 1 plateau is destroyed and a trianglelike profile is obtained ( Fig. 1(a) ). The time of this interaction t on is defined as: max
For given values of k and b, t on increases trivially with l, while for a fixed l, it has a non-trivial dependence on b and k. To show this, we first analyze separately the influence of these parameters on the width L sl of SL and width L rf of RF before they interact, see Fig. 1 [29] . For a very large saturation rate (b → ∞), we have the saturated case where the solute molecules in the mobile phase migrate nearly without interacting with the stationary phase, so that the SL ceases to exist and the c m (x) profile approaches an error function. This reinforces the non-monotonic behavior of L sl as a function of the saturation rate b. Next we define L rf as (see Eqs. (11)- (16) of SM [29] ),
We numerically computed b
.47, and b † (k = 1) ≈ 62.22, which are in accordance with the numerical results [26] . Thus L rf increases with b until the widest RF wave is achieved for some particular b † depending on k. As mentioned earlier we recover the error function profile in the limit b → ∞, hence L rf → l d , the spreading length of a diffusive front ∝ √ t. Thus, L rf first increases and then shrinks as b increases. Also, from [26] , for a given k and at a time t, we obtain x(c m = 0.999, t, k; b i ) < x(c m = 0.999, t, k; b j ), b i < b j at the RF front therefore, an increase in b shortens the distance between the apex of the RF and SL waves. This, in combination with a non-monotonic L sl and L rf , causes a non-monotonic dependence of t on on b ( Fig. 1(b) ). Now that the properties of the finite size sample are known, let us see how these SL and RF interact with VF.
First, in order to study how a SL interacts with VF of the rear interface, we take R > 0 and to quantify the onset of interaction, we compute t on,sl evaluated as the time at which max x {c m < 1}, where c m is the transverse averaged profile of c m (x, y, t) [19] . It is known that a linear adsorption (b = 0) delays the onset of fingering compared to the saturated case (b → ∞) [25] . For intermediate values of b (0 < b < ∞), the onset time of VF varies non-monotonically with b as shown in Figs. 2(a-d) . Accordingly a non-monotonicity is seen in t on,sl [see A central consequence of our study involves implications for chromatography separation. In typical chromatographic conditions, the viscosity of the sample is larger than that of carrier fluid. For a given solvent and solute, i.e. for a fixed value of the control parameter R, one can fix the nature of the porous matrix to a desired saturation capacity and saturation rate such that the VF induced distorted peaks of the solute are confined within the spread of the triangle-like waves that are formed in the absence of VF. In addition, the solvent injection rate can be controlled in such a manner that the solute travels the entire column length before an interaction of the fingers with the stable shock layer front reorients the former in the upstream direction to enhance the spreading over a larger column length.
Next, to analyze the interaction of the RF with VF at the frontal interface, we take R < 0 (Figs. 2(e-h) ). These fingers originating from the SL front possess both qualitative and quantitative differences compared to the fingers at the RF front. An earlier study explained the self sharpening effect of the SL front with increasing b and its imprint as an early onset of VF [14] . To quantify the onset of interaction between VF and RF, we compute t on,rf evaluated the same way as t on,sl and plotted in Fig.1(b) . Interaction of fingers originating from the SL front with the RF front occurs earlier [ Figs. 2(f-g) ] when compared to the linear adsorption [ Fig. 2(e) ]. An early interaction of viscous fingers with the RF front is the resultant of-(a) a diminishing separation between the frontal (SL) and rear (RF) interfaces as b increases and (b) an early onset of VF for b = 0 in comparison to the b = 0 case [14] . In combination, these ensure that fingers originating from the SL interface (b = 0) travel a shorter distance before interacting with the stable interface when compared to the linear adsorption isotherm (b = 0). This is in strong contrast with the situation of R > 0, for which the interaction of the fingered upstream front with the non-fingered downstream front happens at a later time as b increases within a moderate (and most probably physically relevant) range (see Fig.1(b) ).
The other striking difference between R > 0 and R < 0 cases is the post interaction dynamics of the viscous fingers. As explained earlier, for R > 0, fingers penetrate through the SL, where a steep stable viscosity contrast prevents the breakthrough to occur. It is compensated by the annihilation of the SL. A RF front caused by the Langmuir adsorption (b = 0, k = 0)-presenting a wider stable zone than the corresponding linearly adsorbed (b = 0, k = 0) or non-adsorbed front (k = 0)-makes it difficult for the backward fingers to reach the upstream end of the stable front [ Fig. 2(e-h) 
(g) and 2(h)].
For a more quantitative measure, we calculate the degree of mixing of c m , defined as χ(t) = 1 − σ 2 (t)/σ 2 max , and its rate of change (χ = dχ/dt), where
2 is the variance of c m (x, t), · represents spatial average [23] . For a pure dispersive flow,χ decreases with time. We note that, χ(t; b = 0) ≤ χ(t; b = 0), ∀t > 0-the equality holds as b → ∞. Also, χ(∀t > 0) maximizes for b close to b (see Fig. 2 of SM [29] ).
The rate of change,χ, is equivalent to the scalar dissipation rate, which corresponds to the homogenization of the fluid due to mixing [23] . A local minimum (maximum) in theχ − t curve corresponds to an increase (decrease) of the interface length between the solute and the displacing fluid [23] . For R = 1, k = 0.1 we plotχ as a function of dimensionless time t in Fig. 3(a) . The scalar dissipation rate increases due to the onset of VF (first local minimum) until the interaction of the fingers with the SL (first local maximum). The wiggles in theχ − t curves at later times are due to splitting and merging of fingers. Contrary to R > 0, two local maxima are observed at t > 0 inχ − t curves of a less viscous Langmuir adsorbed sample [ Fig. 3(b) ], the later of which corresponds to t on,rf . Similar to a more viscous sample, the first local minimum demarcates the onset of VF. The first maximum is caused by a competition between an enhanced mixing from VF and a reduction in mixing at the expanding RF front. Before the onset of VF, the dissipation rate steeply declines for b = 0. Nevertheless, we must remember that there can be an opposite contribution from the SL front for the same b values. From these plots, the non-monotonicity of t on,sl and t on,rf with respect to b are corroborated. t ≈ t on,sl (middle row), and at t > t on,rf . For R = −1, the concentration maps are shown at the onset of VF (top row), at t ≈ t on,rf (middle row), and at t > t on,rf . Our combined theoretical and computational investigation has focused on the nonlinear dynamics that emerge from the interactions of rarefaction and shock layers and/or viscous fingers. On the basis of nonlinear simulations we demonstrated that VF ruins the trianglelike wave that is the hallmark of a shock layer and a rarefaction wave interaction [13] .
Several interesting mathematical results arise in the context of this model. These principally result from the influence of the nonlinear isotherm and a mobile phase concentration-dependent viscosity of the fluid. The semiinfinite solute model admits shock layer [14] (rarefaction [26] ) solutions, which can influence or be influenced by VF. Here, the finiteness of the sample induces an interaction between two nonlinear waves of opposite characteristics. Moreover, a viscosity variation between the displacing fluid and the sample annihilates the nonlinear waves. In the limit b → ∞ (Fig.2(d,h) ), our simulations recover the results of the saturated case (i.e., c s → 0). This confirms the robustness of our mathematical model: the non-monotonic variation of the shock layer (rarefaction) thicknesses with b implies that the shock layer (rarefaction) vanishes in the limit b → ∞ and an error function profile emerges. Indeed, for a finite k = 0, all the measurable quantities, e.g., the onset of interaction of SL with RF, interaction time of VF with SL, interaction time of VF with RF, etc., with a Langmuir adsorption isotherm must exhibit a non-monotonic variation with respect to b between the two well-understood extremities-linear adsorption (b = 0) [25] and saturated case (b → ∞) [30] . This shows that in order to obtain the triangle-like solute profiles the nonlinear adsorption parameters can conveniently be used to tune the interaction of a SL with a RF and further of VF with the nonlinear waves. These results generalize to the processes where the motion of species results in the formation of nonlinear waves [31, 32] or when motion of species is encountered by nonlinear waves a case known for interaction of ocean surface with an explosion [33] . Thus with regard to the various applications with adequate interpretation for the adsorption parameters, our results leads to better understanding of the implications of interactions of nonlinear waves.
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Here, e x is the unit vector along the x-axis, L y and L x are the length scales chosen based on the diffusive length and time scales. For clarity of notation, the dimensionless variables are now denoted without the tilde superscripts, and the dimensional variables are explicitly mentioned with their SI units. Non-linear simulations are performed by using the Fourier pseudo-spectral method originally described in Ref. [18] and subsequently modified to account for Langmuir adsorption in Ref. [14] . The number of spectral modes chosen for a computational domain of size 8192 × 1024 is 2048 × 256. The spatial and time steps are taken as ∆x = ∆y = 4 and ∆t = 0.2 respectively. The transverse averaged concentration profile is defined as,
We fix l = 2 10 and perform simulations for the following parameter values: • k = 1 : b = 0, b (= 2), 10 3 .
R = 1 :
• k = 0.2 : b = 0, 0.5, b (= 1.55), 5, 10, 25, 50, 10 3 .
• k = 1 : b = 0, b (= 2), 10 3 .
3. R = 2 :
4. R = −1 :
• k = 1 : 
Shock layer thickness
The time of interaction between the shock layer and rarefaction waves depends on l, k and b. For given values of k and b, the onset of interaction increases with l, while for a fixed sample width l, the onset of interaction depends non-trivially on b and k. Shock Layer is a constant pattern profile formed at the frontal interface of the solute which propagates with the speed of the shock. Following Rana and Mishra [c.f., Eq. (25) of 14] we define the shock layer thickness L sl as the width of the interval for which the concentrationc m (x, t) at the frontal interface lies in the range c 
one obtains b = 2(1 + k) (negative root of the quadratic equation in b is neglected owing to the fact that b is positive). Further,
ensures that g(b; k) has a global minimum at b = 2(1 + k), and so does L sl . In Fig. 4 we plot L sl as a function of b, from which it is clearly seen that L sl has a global minimum at b = 2(1 + k).
Rarefaction thickness
Unlike the shock layer front the rarefaction wave does not acquire a constant speed and shape [14] . In fact the traveling speed of the wave varies locally with the mobile phase concentration (c m ). Therefore, a closed form solution of the thickness (spreading length) of the rarefaction wave is not attainable. Here we present a crude approximation to the rarefaction thickness. In the absence of viscosity mismatch between the sample solvent and the displacing solution, the velocity of the solvent is a constant and in the dimensional form it takes the value of the injection velocity U . Therefore, in the moving co-ordinate frame we haveũ = 0 [c.f., Eqs. (8a)-(8c)]. In this co-ordinate frame, the transport of c m is a resultant of two transport properties. One is the downstream convection-at a concentration-dependent speed, U(c m )-caused by the adsorption. The other is diffusion with a concentration-dependent diffusion coefficient D(c m ). Our argument is based on local approximations of the transport equation (8c) at the rear interface in the neighborhood ofc m (x, t) = 1 − δ andc m (x, t) = δ as
respectively. These are advection-diffusion equations with constant transport coefficients. Denoting x 1−δ (t) and x δ (t) as the positions ofc m = 1 − δ andc m = δ, respectively, at time t, we compute
We define the spreading length of the rarefaction wave L rf as the width of the interval for which the concentrationc m (x, t) at the rear interface lies in the range δ <c m (x, t) < 1 − δ:
which, in combination with Eqs. (15a) and (15b) becomes
where α = δ and β = 1 − δ. For a fixed k = k 0 and ∀t > 0, we find b
which, equating to zero yields b
For a given value of k, we obtain b 
Wave length of the unstable modes
Variations of the wave length (λ) of the unstable modes for k = 1 and values of b = 0 (linear adsorption), 2(= b ) (strong effect of Langmuir adsorption and presence of shock layer and rarefaction), and 10 3 (no adsorption limit) are shown in Figs. 7 for R = 1 and 2. For b , λ increase by a factor 2 when compared to b = 0, which should be also larger by a factor 1 + k compared to the real non-adsorbed case (k = 0). It is to be noted that although we recover the qualitative properties of nonadsorbed case in the limit of b → ∞ (saturated case), λ does not change exactly in the same way it should have been in the non-adsorbed case, since we have a non-zero k in our model, which influences the unstable modes and their onset. The dashed contour corresponds to c m = 0.001.
